ABSTRACT
INTRODUCTION
With the today's fabrication facility, micro-sized fluidic and thermal systems with micrometer dimensions are used in many biomedical and engineering applications such as micro-reactors, micro-heat exchangers, cell reactors etc. For an effective and economical design of such micro-sized systems, the fundamental understanding of the transport phenomena at microscale is crucial. There are several issues that need to be considered at microscale. As the characteristic length (L) of the flow approaches to the mean-free-path (λ ) of the fluid, the continuum approach fails to be valid, and the fluid flow modeling moves from continuum to molecular model. The ratio of the mean-free-path to the characteristic length of the flow (L) is known as the Knudsen number (Kn = λ /L). For the Kn number varying between 0.01 and 0.1 (which corresponds to the flow of the air at standard atmospheric conditions through the channel that has the characteristic length of 1 ∼ 10µm), the regime is known as the slip-flow regime. In this regime, flow can be modeled with the continuum modeling as far as the boundary conditions are modified to take into account the rarefaction effects.
The general form of the boundary conditions for velocity and temperature can be written as follows:
where w stand for wall, n and t stand for normal and tangential directions, respectively. First terms of the Eqs. (1) and (2) are known as the first-order boundary conditions, and the second terms are known as the second-order boundary conditions [1] . As the modeling moves to the edge of the slip flow regime (i.e. Kn approaches 0.1), the inclusion of the second-order terms improves the accuracy of the solution. The last term of the Eqn. (1) is known as the thermal creep. There are two common models for second-order boundary conditions, which were suggested by Karniadakis et al. [1] and Deissler [2] . In this study, these two models are implemented. The corresponding coefficients for these two models are tabulated in Tab. 3. The effect of the viscous dissipation, which is characterized by Brinkman number, and the axial conduction, which is characterized by Peclet number, are also important at microscale [3] . The fluid flow [4] [5] [6] [7] and heat transfer [3, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] inside a micro-conduit was analyzed for different geometries such as circular tube [3, [8] [9] [10] [11] [12] [13] [14] , parallel plate [12, [15] [16] [17] [18] [19] , rectangular channel [4] [5] [6] [7] 20] , annular channel [21] 
177γ − 145 γ + 1 [4, 5, 13, 14, 18, 20] . Viscous dissipation [3, 9-12, 14, 16, 17, 20] and axial conduction [6, 7, 11, 12, 14, 16, 20] are included in some studies .
Thermal creep is the fluid flow in the direction from cold to hot due to the tangential temperature gradient along the channel walls, and observed for rarefied fluids [1] . Thermal creep can enhance or reduce the flowrate in a channel depending on the direction of the tangential temperature gradient at the channel wall. The effect of the thermal creep can be implemented into the model by introducing an additional term in the slip-flow boundary condition as seen in Eqn. (1) . The effect of the thermal creep on heat transfer is included in very few studies [6, 7, [18] [19] [20] .
In this study, Nusselt number for a flow in a microtube is determined analytically with a constant wall heat flux thermal boundary condition. The flow assumed to be incompressible, laminar, hydrodynamically and thermally fully-developed. The thermo-physical properties of the fluid are assumed to be constant. The effect of rarefaction, viscous dissipation, axial conduction are included in the analysis. For the implementation of the rarefaction effect, two different second-order slip models are used for the slip-flow and temperature-jump boundary conditions together with the thermal creep at the wall. Closed form solutions for the fully-developed temperature profile and Nusselt number are derived as a function of Knudsen number, Brinkman number and Peclet number.
ANALYSIS
The steady-state, hydrodynamically-developed flow with a constant temperature, T i , flows into the microtube with the constant heat flux at the wall. The non-dimensional governing energy equation including the axial conduction and the viscous dissipation term, and the corresponding boundary conditions can be written as,
together with the following dimensionless parameters:
u in Eqn. (3) is the dimensionless fully-developed velocity profile for the slip-flow regime.ū can be determined by solving the momentum equation together with the slip-velocity boundary condition:ū
where χ and κ are define as,
The fully-developed temperature profile has the following functional form [1] ,
where T ξ represents the temperature gradient at the wall (∂ T /∂ ξ ) wall (it is constant for a fully-developed temperature). T ξ can be determined by substituting Eqn. (8) into Eqn. (3), and integrating once in η-direction together with the boundary condition at the wall as,
Integrating Eqn. (3) in η-direction together with the boundary condition at the microtube center, φ can be determined as:
where C is an arbitrary constant, and Γ is defined as,
C can be determined by substituting Eqn. (8) into Eqn. (3) and integrating resulting equation in η-direction from 0 to 1, and in ξ -direction as,
where Ω is define as,
Fully-developed temperature can be obtained by substituting Eqn. (10) into Eqn. (8) as,
where constant T ξ and C are defined in Eqs. (9) and (12), respectively. Note that to recover the result for the case without thermal creep (i.e. a 3 → 0), the limit of T ξ needs to be determined. The limit results in,
Macrochannel result (i.e. Kn = Br = 0) [22] can be recovered as 1 ,
Fully-developed Nusselt number in terms of nondimensional parameters can be written as,
where θ m is the non-dimensional mean temperature which is defined as,
and θ w is the wall temperature, and can be determined by the implementation of the temperature-jump boundary condition, Eqn. (2) as,
Fully-developed Nusselt number can be determined as,
where ϒ is defined as,
For a macrochannel flow (i. e. Kn = Br = κ = 0, χ = 1), the solution recovers well-known result of 48/11 [23] .
RESULTS AND DISCUSSION
The fully-developed temperature profile and the fullydeveloped Nu is determined. Second-order boundary conditions are implemented to include the rarefaction effects and thermal creep. The viscous dissipation and the axial conduction are also included. Coefficient b 1 is taken as 1.667, and γ is taken as 1. shown in Fig. (1) . The results for first-order model are also included in the figures. For the case of Br = 0, Fig. 1-(a) , the second-order model proposed by Karniadakis et al. [1] gives close results to firstorder model. The deviation from the first-order model increases with increasing rarefaction (i.e. increasing Kn). On the other hand, the second-order model proposed by Deissler [2] gives appreciably deviation from first-order model. The deviation increases first, but decreases as Kn reaches the edge of the slip-flow regime. For the case of Br = 0 the model with the inclusion of the thermal creep is not included in the figure, since Br = 0 gives infinite thermal creep. Physical explanation is that if there exist a rarefaction effect, there also exists a viscous dissipation up to certain extent. Although in these figures, Br and Kn varying independent of each other, in many engineering applications this is not the case. In the engineering application with microchannels, the devices typically operates in the vicinity of the atmospheric conditions, which means increase in the Kn indicates the reduction in the size of the channel. Br has also size dependence.
Br number has an appreciable effect on Nu value. Positive Br means that the fluid is being heated, and negative Br means that the fluid is being cooled. Figures 1-(b) and 1-(c) illustrates the cases for Br = 0.1 and Br = −0.1, respectively. In these cases, both cases with and without thermal creep are included in the figures. Likewise Fig. 1-(a) , the deviation of the second-order model proposed by Deissler [2] is higher that of the second-order model proposed by Karniadakis et al. [1] . With the inclusion of the thermal creep, fully-developed Nu obtained by the secondorder model proposed by Karniadakis et al. [1] approaches the results of the first-order slip model. However, for the secondorder model proposed by Deissler [2] , fully-developed Nu obtained with the inclusion of the thermal creep is very close the results of the cases without thermal creep.
Present analysis has some limitations. The thermo-physical properties of the fluid is assumed to be constant which means the variation of the temperature in the channel should not exceed certain limits. The flow is modeled as incompressible. This is very restrictive, and actually incompressible approach is theoretically inconsistent to model slip-boundary conditions [1] . Therefore, the results of this study should be regarded qualitative rather than quantitative. However, this kind of analytical solutions are useful to reveal the fundamental aspects of the convective heat transfer mechanism.
SUMMARY
In this study, Nusselt number for a flow in a microtube is determined analytically with a constant wall heat flux thermal boundary condition. The flow assumed to be incompressible, laminar, hydrodynamically and thermally fully-developed. The thermo-physical properties of the fluid are assumed to be constant. The effect of rarefaction, viscous dissipation, axial con- duction are included in the analysis. For the implementation of the rarefaction effect, two different second-order slip models are used for the slip-flow and temperature-jump boundary conditions together with the thermal creep at the wall. Closed form solutions for Nusselt number are derived as a function of Kn and Br number. The results reveal that thermal creep has significant effect on the heat transfer characteristics, and the effect of thermal creep differs for two models. The limitations of the current model are also discussed.
